It is shown that quantized irreducible flag manifolds possess a canonical q-analogue of the de Rham complex. Generalizing the well known situation for the standard Podleś' quantum sphere this analogue is obtained as the universal differential calculus of a distinguished first order differential calculus. The corresponding differential d can be written as a sum of differentials ∂ and ∂. The universal differential calculus corresponding to the first order differential calculi d, ∂, and ∂ are given in terms of generators and relations. Relations to well known quantized exterior algebras are established. The dimensions of the homogeneous components are shown to be the same as in the classical case. The existence of a volume form is proven.
Introduction
The theory of quantum groups provides numerous examples of q-deformed coordinate rings of spaces with group action. Originally initiated by S. L. Woronowicz there exists by now a rich theory of covariant differential calculi over these comodule algebras.
In A. Connes' more general concept of noncommutative geometry [Con95] spectral triples and in particular the Dirac operator are central notions. One deals with a representation of an algebra B on some Hilbert space H and with an operator D : H → H such that the commutators d b := [b, D], b ∈ B, lead to a differential graded algebra. It has recently been pointed out, that the theory of quantum groups provides a large class of examples, so called quantized irreducible flag manifolds, which seem to fit well into Connes' framework of noncommutative geometry [LD02] , [Krä03] , [SW03] . Covariant differential calculi over quantized irreducible flag manifolds have been classified in [HK03b] . There exists a canonical covariant first order differential calculus on these spaces, which turned out to correspond to the Dirac operator constructed in [Krä03] . It is therefore natural to investigate the corresponding higher order differential calculi.
Higher order differential calculi have previously been studied from several points of view. In [SV98] , [SSV99] L. L. Vaksman and his coworkers presented a canonical construction of differential forms on quantum prehomogeneous vector spaces. As these spaces are big cells of the flag manifolds under consideration here, these differential calculi are closely related to those investigated in the present paper.
An approach to noncommutative geometry modelled on classical geometry and compatible with the intrinsic structure of quantum groups and quantum spaces has been put forward by T. Brzeziński and S. Majid in [BM93] , [BM00] . In this approach the notion of differential calculus is one starting point. A similar point of view has been adopted by M. Durdević in [Du96] , [Du97] .
In the early days of quantum groups there appeared several examples of differential calculi which in many respects behave as the de Rham complex over the corresponding commutative algebras [Wor87] , [PW89] , [WZ91] . Yet it became clear that imposing covariance, i.e. compatibility with a quantum group action, one can not expect that such a calculus exists for an arbitrary quantum space. Nevertheless, there soon existed a well developed theory of covariant differential calculi on quantum groups while for quantum spaces similar results have only recently been established [Her02] , [HK03a] . Apart from the various examples of differential calculi on quantum groups (cp. references in [KS97] ) and quantum vector spaces as above, only differential calculi over Podles' quantum spheres [Pod92] and Vaksman-Soibelman-spheres [Wel98] have been in detail investigated.
In the present paper differential calculi over quantized irreducible flag manifolds are studied in detail. Contrary to the situation for quantum groups and quantum vector spaces for this large class of examples the modules of differential forms are generally not free over the coordinate algebra. Note, however, that the general theory implies that being covariant these modules are projective. The differential calculus constructed here is a close analogue of the de Rham complex over the corresponding complex manifold. As in complex geometry the differential d can be decomposed into the sum of differentials ∂ and ∂. The universal differential calculus corresponding to the first order differential calculi d, ∂, and ∂ are given in terms of generators and relations. The dimensions of the homogeneous components are shown to be the same as in the classical case. In particular the differential d admits a uniquely determined volume form of degree 2M, where M is the complex dimension of the manifold. The fibers of the differential calculi over the classical point ε of the quantized flag manifold are shown to be isomorphic to well known examples of quantized exterior algebras [FRT89] .
The organization of the paper is as follows. In Chapter 2 we mainly recall the relevant notions from the theory of quantum groups, quantum homogeneous spaces, and differential calculus. It is explained in Section 2.3.5 how the notion of quantum tangent space introduced in [HK03a] can be employed to determine the homogeneous component of degree two of the universal differential calculus corresponding to a given finite dimensional covariant first order differential calculus.
Chapter 3 is devoted to the construction and investigation of the desired differential calculus on quantized flag manifolds. In Section 3.1 the various quantized coordinate rings associated to flag manifolds are recalled. On the one hand there exist homogeneous coordinate rings S q [G/P S ] and S q [G/P op S ]. On the other hand the quantized algebra of functions C q [G/L S ] on the quotient G/L S of the Lie group G by the Levi factor L S of the parabolic subgroup P S ⊂ G is considered. It is crucial, as observed in [Sto02] , [HK03b] , that certain products of generators of S q [G/P S ] and S q [G/P . All algebras considered in this paper are unital C-algebras, likewise all vector spaces are defined over C.
Throughout this paper several filtrations are defined in the following way.
Let A denote an algebra generated by the elements of a set Z and S a totally ordered abelian semigroup. Then any map deg : Z → S defines a filtration F of the algebra A as follows. An element a ∈ A belongs to F n , n ∈ S, if and only if it can be written as a polynomial in the elements of Z such that every occurring summand a 1.
Instead of a ∈ F n by slight abuse of notation we will also write deg(a) = n.
For any Hopf algebra H the symbols ∆, ε, and κ will denote the coproduct, counit, and antipode, respectively. Sweedler notation for coproducts ∆a = a (1) ⊗ a (2) , a ∈ H, will be used. If the antipode κ is invertible we will frequently identify left and right H-module structures on a vector space V by
The symbol H op will denote the corresponding Hopf algebra with opposite multiplication.
Preliminaries

Notations
First, to fix notations some general notions related to Lie algebras are recalled. Let g be a finite dimensional complex simple Lie algebra and h ⊂ g a fixed Cartan subalgebra. Let R ⊂ h * denote the root system associated with (g, h). Choose an ordered basis π = {α 1 , . . . , α r } of simple roots for R and let R + (resp. R − ) be the set of positive (resp. negative) roots with respect to π. Moreover, let g = n + ⊕h⊕n − be the corresponding triangular decomposition. Identify h with its dual via the Killing form. The induced nondegenerate symmetric bilinear form on h * is denoted by (·, ·). The root lattice Q = ZR is contained in the weight lattice P = {λ ∈ h * | (λ, α i )/d i ∈ Z ∀α i ∈ π} where d i := (α i , α i )/2. In order to avoid roots of the deformation parameter q in the following sections we rescale (·, ·) such that (·, ·) : P × P → Z.
For µ, ν ∈ P we will write µ ≻ ν if µ − ν is a sum of positive roots and µ ν if µ ≻ ν and µ = ν. As usual we define Q + := {µ ∈ Q | µ ≻ 0}. The height ht :
is the Cartan matrix of g with respect to π.
For µ ∈ P + let V (µ) denote the uniquely determined finite dimensional irreducible left g-module with highest weight µ. More explicitly there exists a nontrivial vector v µ ∈ V (µ) satisfying
For any weight vector v ∈ V (µ) let wt(v) ∈ P denote the weight of v, i.e. Hv = wt(v)(H)v. In particular wt(v 1 ) − wt(v 2 ) ∈ Q for all weight vectors v 1 , v 2 ∈ V (µ). Let G denote the connected simply connected complex Lie group with Lie algebra g. For any set S ⊂ π of simple roots define R ± S := ZS ∩ R ± and R ± S := R ± \ R ± S . Let P S and P op S denote the corresponding standard parabolic subgroups of G with Lie algebra
Moreover,
is the Levi factor of p S and L S = P S ∩ P op S ⊂ G denotes the corresponding subgroup. Later on by slight abuse of notation we will also write i ∈ S instead of α i ∈ S.
The generalized flag manifold G/P S is called irreducible if the adjoint representation of p S on g/p S is irreducible. Equivalently, S = π \ {α i } where α i appears in any positive root with coefficient at most one. For a complete list of all irreducible flag manifolds consult e.g. [BE89, p. 27].
Quantum Groups
Definition of U q (g)
We keep the notations of the previous section. Let q ∈ C \ {0} be not a root of unity. The q-deformed universal enveloping algebra U q (g) associated to g can be defined to be the complex algebra with generators
. . , r, and relations
where q i := q d i and the q-deformed binomial coefficients are defined by
The algebra U q (g) obtains a Hopf algebra structure by
Type 1 Representations
For µ ∈ P + let V (µ) denote the uniquely determined finite dimensional irreducible left U q (g)-module with highest weight µ. More explicitly, there exists a highest weight vector v µ ∈ V (µ) \ {0} satisfying
isomorphic to a direct sum of finitely many V (µ i ), µ i ∈ P + . The category C of U q (g)-modules of type 1 is a tensor category. By this we mean that C contains the trivial U q (g)-module V (0) and satisfies
where (uf )(x) := f (κ(u)x) for all u ∈ U, f ∈ X * , x ∈ X. During subsequent considerations we will meet various natural right U q (g)-modules. As indicated at the end of the introduction we will always endow a right U q (g)-module V with the left U q (g)-action defined by
The Braiding
The category C in Section 2.2.2 is a braided category. Unfortunately the relevant section in our main reference [KS97, 8.3 .3] lacks notational consistency. To be able to derive additional properties of the braiding we recall its construction in some detail.
Recall that the dual pairing ·, · : 
q (n − ) denote the canonical element with respect to ·, · , i.e. C β = i a i ⊗ b i where {a i } is a basis of U β q (n + ) and a i , b j = δ ij . Define
There exists an automorphism Φ of the algebraŪ
One verifies that R and Φ satisfy the properties stated in [KS97, Theorem 8.18]. We suggest first to check the corresponding properties of
where τ denotes the twist τ (v ⊗ w) = w ⊗ v, and B V,W (v ⊗ w) = q (µ,ν) v ⊗ w for weight vectors v ∈ V and w ∈ W of weight µ and ν, respectively. The family (R V W ) defines a braiding in C. To simplify notation we will also writê 
where wt(w) ≻ wt(w i ) and wt(v i ) ≻ wt(v). Indeed, if v max ∈ V is a highest weight vector thenR V,W (v max ⊗ w) is uniquely determined by (9) for any w ∈ W . The property of being a U q (g)-module homomorphism then fixeŝ
For this reason (7) should coincide with the explicit expression in [KS97, 8.3.3] . It is straightforward to check that coefficients of the terms E i ⊗ F i of the two expressions are identical. Coefficients of higher order terms of the explicit expression of R will not be used in this paper.
Restriction of the Braiding to
Let S ⊂ π and let k S := [l S , l S ] ⊂ g denote the semisimple part of l S ⊂ p S ⊂ g. Define U q (k S ) and U q (l S ) to be the Hopf subalgebras of U q (g) generated by the sets {K j , K
As above the tensor category C k of type 1 representations of U q (k S ) is braided with braidingR k V,W . Moreover, let (·, ·) k denote the uniquely determined bilinear form on the weight lattice corresponding to k S such that (α, β) k = (α, β) for all simple roots α, β ∈ S.
The following Lemma will be used only in the proof of Proposition 3.11 at the very end of this paper.
where the highest weight vectors of
Proof. In analogy to (7) one has an element
and linear maps
where V ′ , W ′ ∈ C k and v and w are weight vectors of weight µ and ν, respec-
Note that by definition of γ 1 and γ 2 one has (ν−γ 1 ,
Now the claim of the lemma follows from
R-Matrices
To write coordinate algebras of quantized flag manifolds in terms of generators and relations it will be helpful to introduce additional notations for certain special cases ofR. For λ = i / ∈S ω i set N := dim V (λ) and abbreviate I := {1, . . . , N}. Choose a basis {v i | i ∈ I} of weight vectors of V (λ) and let {f i | i ∈ I} be the corresponding dual basis. Define matricesR,Ř,
where the elements of V (λ) are considered as functionals on V (λ)
− ,R andŔ denote the inverse of the matrixR,Ř,Ŕ − andR − , respectively. By (7) the matrixR has the property thatR ij kl = 0 implies that i = l, j = k or both wt(v j ) wt(v k ) and wt(v l ) wt(v i ). Therefore we associate toR the symbol < which denotes the positions of the larger weights. Similar properties are fulfilled for the other types of R-matrices. For example, the relationŔ − ij kl = 0 implies that i = l, j = k or both wt(v k ) wt(v j ) and wt(v l ) wt(v i ). We collect these properties in the following table.
The q-deformed coordinate ring C q [G] is defined to be the subspace of the linear dual U q (g) * spanned by the matrix coefficients of the finite dimensional irreducible representations
The linear span of matrix coefficients of V (µ)
Here V (µ) * is considered as a right U q (g)-module. Note that by construction
is a Hopf algebra and the pairing
is nondegenerate.
Quantum Homogeneous Spaces
We recall the class of quantum homogeneous spaces considered in [MS99] . Let U denote a Hopf algebra over C with bijective antipode κ and K ⊂ U a right coideal subalgebra with right coaction
Consider a tensor category C of finite dimensional left U-modules. By this we mean that C is a class of finite dimensional left U-modules containing the trivial U-module via ε and satisfying (6). Let A := U
• C denote the dual Hopf algebra generated by the matrix coefficients of all U-modules in C. Assume that A separates the elements of U. Assume further that the antipode of A is bijective. Note that this is equivalent to X ∈ C ⇒ * X ∈ C where * X = X * as a vector space and (uf )(
Define a left coideal subalgebra B ⊂ A by
Assume K to be C-semisimple, i.e. the restriction of any U-module in C to the subalgebra K ⊂ U is isomorphic to the direct sum of irreducible Kmodules. In full analogy to [MS99, Thm. 2.2 (2)] this implies that A is a faithfully flat B-module.
Categorial Equivalence
Assume B ֒→ A to be a left coideal subalgebra of a Hopf algebra A with bijective antipode and define Recall that for any coalgebra C the cotensor product of a left C-comodule P and a right C-comodule Q is defined by
There exist functors Φ :
Here for any Γ ∈ 
where the left ← − A -comodule structure on
(ii) The functor Ψ is equivalent to Ψ ′ :
Here the left B-module and left A-comodule structure on Ψ ′ (V ) is given by
(iii) In the situation of Theorem 2.3 the coalgebra ← − A is cosemisimple. Therefore any Γ ∈ A B M is a projective left B-module. Let in addition A denote a Hopf algebra and ∆ B : B → A ⊗ B a left Acomodule algebra structure on B. If Γ possesses the structure of a left Acomodule
Differential Calculus 2.3.1 First Order Differential Calculus
is a FODC over D called the FODC over D induced by Γ. 
Higher Order Differential Calculus
A differential calculus (DC) over B is a differential graded algebra (Γ ∧ = ⊕ i∈N 0 Γ ∧i , d) such that Γ ∧0 = B∧ u → Γ ∧ of differential graded algebras such that φ| B⊕Γ = Id. To construct (Γ ∧ u , d u ) consider the tensor algebra Γ ⊗ = ∞ k=0 Γ ⊗k of the B-bimodule Γ. Then Γ ∧ u is the quotient of Γ ⊗ by the ideal generated by { i da i ⊗ db i | i a i db i = 0} and the differential is defined by d u (a 0 da 1 ∧ · · · ∧ da n ) = da 0 ∧ da 1 ∧ · · · ∧ da n .
Right Ideals and Quantum Tangent Spaces
From now on we assume K ⊂ U to be a right coideal subalgebra and B ⊂ A = U • C to be the corresponding quantum homogeneous space as in Subsection 2.2.7.
In this situation left covariant first order differential calculi over B are in one-to-one correspondence to right ideals R ⊂ B + satisfying ∆ B R ⊂ Her02] . The right ideal corresponding to a covariant FODC Γ is given by
where
Conversely, to construct the FODC Γ corresponding to R consider the B-bimodule structure onΓ :
and the differential d :
To a FODC Γ with corresponding right ideal R one associates the vector space
and the so called quantum tangent space
The dimension of a first order differential calculus is defined by
Let B
• denote the dual coalgebra of B. 
A covariant FODC Γ = {0} over B is called irreducible if it does not possess any nontrivial quotient (by a left covariant B-bimodule). Note that for finite dimensional calculi this property is equivalent to the property that T ε Γ does not possess any left K-invariant right B
• -subcomoduleT such that C · ε T T ε Γ . Let Γ be a sum of finite dimensional covariant FODC Γ i , i = 1, . . . , N, over B with corresponding right ideals R i . Then the right ideal corresponding to Γ is given by R Γ = ∩ i R Γ i and therefore the relation T Γ = T Γ 1 + · · · + T Γ k of quantum tangent spaces holds. A sum of covariant differential calculi is called a direct sum if Γ = ⊕ i Γ i is a direct sum of bimodules. This condition is equivalent to T Γ = ⊕ i T Γ i .
Induced Covariant FODC
Using quantum tangent spaces it is possible to identify induced covariant FODC. 
(ii) R = R Ω ∩ B. 
which induce nondegenerate pairings
Now, (20) is injective if and only if T Ω separates coA (A ⊗ B Γ). In view of the nondegeneracy of the second pairing in (23) and Proposition 2.6 the latter is equivalent to T = T Ω | B . Therefore (i) is equivalent to (iii). The equivalence between (i) and (ii) holds by duality.
Determining
Quantum tangent spaces can also be employed to obtain information about higher order differential calculi. Let Ω, Γ, T Ω , and T be as in Lemma 2.7. In analogy to (21), (22) there exists a pairing
In particular
To verify that ·, · is well defined note that
and therefore ρc, s 
Proof. Note first that
By definition (24) the pairing (26) is well defined and by (25) the elements of (
Conversely, recall that Γ is a projective left B-module by Remark 2.4(iii). By Lemma 2.7 one obtains a canonical inclusion
Recall [Wor89, p.164] that the pairing
is nondegenerate and compatible with (26). Therefore 
Proof. By Lemma 2.8 and the Remark 2.4(i) one gets
The inclusion ΓB + ⊂ B + Γ implies that the canonical map 
which is nondegenerate when restricted to
. It suffices to show that with respect to the pairing (24) one has
Assume that i a i db i = 0. Then
Hence (16) implies that j s j ⊗t j ∈ (A⊗ B Λ) ⊥ if and only if j s j t j ∈ T .
Differential Calculus on Quantized Irreducible Flag Manifolds
In the previous Section we have recalled basic notions and developed the general theory necessary for the investigation of covariant DC on quantum homogeneous spaces. Now we turn to the concrete example of quantized flag manifolds. We first collect some facts about the corresponding algebras. Then using the tools from the previous section the canonical covariant DC over irreducible quantized flag manifolds is constructed and investigated in detail.
Quantized Flag Manifolds
Homogeneous Coordinate Rings
The quantized homogeneous coordinate ring S q [G/P S ] of a generalized flag manifold G/P S is defined to be the subalgebra of C q [G] generated by the matrix coefficients {c [Soi92] , where v λ is a highest weight vector of V (λ). As a U q (g)-module algebra S q [G/P S ] is isomorphic to
* , where λ = s / ∈S ω s , endowed with the Cartan multiplication
Recall that the subspace V (2λ) ⊂ V (λ) ⊗ V (λ) is the eigenspace ofR λ,λ with corresponding eigenvalue q (λ,λ) . It is known ([TT91], [Bra94] ) that S q [G/P S ] is quadratic, more explicitly
whereR, N, I are as in Section 2.2.5. Similarly the dual quantized homogeneous coordinate ring S q [G/P op S ] of G/P S is defined to be the subalgebra of C q [G] generated by {c
denotes the lowest weight vector dual to v λ . In terms of generators and relations one has
The U q (g)-module structure of S q [G/P S ] and S q [G/P 
The Subalgebra
The tensor product
can be endowed with a U q (g)-module algebra structure by
To simplify notation the tensor product symbol will be omitted in the following. The algebra S q [G/P S ] C admits a character ε defined by ε(v i ) = ε(f i ) = δ iN . Note that
denote the homogeneous component of degree n with respect to this grading.
The eigenspace decomposition with respect to this action induces a Z-grading on the subalgebra A ⊂ C q [G] generated by the matrix coefficients c
More precisely, A = n∈Z A n where
* where v µ and v w 0 ν denote a highest weight vector of V (µ) and a lowest weight vector of V (ν) * , respectively. Therefore the relation q
implies that A n can be written as a direct limit
of vector spaces. By construction the homogeneous components
allow the same presentation.
Quantized Flag Manifolds in Terms of Generators and Relations
Lemma 3.1 implies that the subalgebra
that the following relations hold in A q λ :
ii kl , and legnotation is applied in the first two formulae. Thus, explicitly written the first two equations of (30) take the form 
are well defined. Thus one obtains a surjection
where K := U q (l S ) is the Hopf subalgebra of U q (g) generated by the elements
The following proposition was proved in [Sto02] , [HK03b] .
First Order Differential Calculus over
C q [G/L S ]
Notations and Conventions
From now on we assume that G/P S is an irreducible flag manifold, in particular S = {α s }, λ = ω s for a fixed s ∈ {1, . . . , r}. To simplify notation, the iso- 
* . As in 3.1.1 assume that v N = v ωs is the highest weight vector of V (ω s ) in the basis {v i | i ∈ I} chosen in 2.2.5.
Fix a reduced decomposition of the longest element of the Weyl group. Let E β , F β , β ∈ R + , denote the corresponding root vectors in
Finally we introduce the abbreviation M := dim C g/p S = #R + S .
FODC over S q [G/P S ]
In analogy to the construction of B via S q [G/P S ] one can obtain covariant FODC over B by first constructing covariant FODC over S q [G/P S ]. Consider the left S q [G/P S ]-module Γ + generated by elements df i , i ∈ I, and relations
As the subspaces V (2ω s ) and V (2ω s − α s ) of V (ω s ) ⊗ V (ω s ) are uniquely determined by the respective eigenvalues q (ωs,ωs) and −q (ωs,ωs)−(αs,αs) ofR ωs,ωs these relations are equivalent to 
Indeed, it follows from the Yang-Baxter-Equation forR that this right module structure is well defined on Γ + . As Lin C {df i } ∼ = V (ω s ) * the bimodule Γ + inherits a U q (g)-module structure.
Define a linear map
To verify that d is well defined note first that for i,j∈I a ij f i ⊗f j ∈ V (µ)
and therefore
can be endowed with a right S q [G/P S ] C module structure by
The differential ∂ :
and Leibniz rule is well defined in view of (28), (34). There exists a pairing
where ε and V (ω s ) (1) have been defined in 3.1.2 and 3.2.1, respectively. To verify that ·, · is well defined note that f i df j , v = 0 implies wt( (28), (32), (33), and (34) imply
The FODC Γ ∂
Let Λ ⊂ Γ +,C denote the subbimodule generated by ∂c, (c − 1)Γ +,C , and
which by (36) as a left module is generated by df i , i ∈ I, and relations (32) and ∂c = 0. As ε(v i ) = 0 if and only if v i = v N and f N (v) = 0 for all v ∈ V (ω s ) (1) one obtains ∂c, v = 0 for all v ∈ V (ω s ) (1) . Therefore the pairing
Proposition 3.3. (i) As a left B-module Γ ∂ is generated by the differentials ∂z ij , i, j ∈ I, and relationŝ
i,j∈I
(ii) The right B-module structure of Γ ∂ is given by
Proof. Note first that the relations (38)-(41) hold by construction in the B-bimodule Γ ∂ . Thus, by (41) Γ ∂ is generated by {∂z ij | i, j ∈ I} as a left B-module. Moreover, by (34) the restriction of the pairing (37) to
To prove (i)-(iii) consider the left B-module Γ ′ ∂ generated by elements ∂z ij , i, j ∈ I, and relations (38) for all i, j, k, l ∈ I such that l = N.
In particular one obtains = q −(αs,αs) ∂z.
Here, the third equation follows from the relations
which hold as the braiding induced by the action of the universal R-matrix is a natural isomorphism. In view of (8) and (10) Equation (43) implies
The relations (42) and (45) lead to
This proves dim Γ
We now prove (iv). By the third relation of (30) the ideal B + ⊂ B is generated by {z ij | i = N or j = N}. Equation (41) and (10) 
is nondegenerate. Moreover, by [HK03b, Theorem 7.2] there exist precisely two non-isomorphic covariant FODC of dimension M over B. The corresponding quantum tangent spaces are
There exists a second covariant FODC Γ ∂ over B of dimension dim g/p S . This calculus can be obtained from a covariant FODC over S q [G/P op S ] in the same way as Γ ∂ has been obtained from Γ + . In analogy to Γ + a left S q [G/P op S ]-module Γ − can be defined by generators dv i , i ∈ I, and relations
where as beforeP = (Ř − q (ωs,ωs) Id) andQ := (Ř + q (ωs,ωs)−(αs,αs) Id). The left module Γ − can be endowed with a S q [G/P 
and Leibniz rule. There exists a pairing
Let Λ ⊂ Γ −,C denote the subbimodule generated by ∂c, (c − 1)Γ −,C , and
which as a left module is generated by dv i , i ∈ I, and relations (47) and ∂c = 0. Again the pairing
induced by (49) is well defined. Let Γ ∂ ⊂ Γ −,C /Λ denote the FODC over B induced by Γ −,C /Λ.
Proposition 3.4. (i) As a left B-module Γ ∂ is generated by the differentials ∂z ij , i, j ∈ I, and relationš
The proof is performed in analogy to the proof of Proposition 3.3. The following remarks may be helpful. Let Γ ′ ∂ denote the left B-module generated by elements ∂z ij , i, j ∈ I, and relations (52)-(54). Then relation (53) implies ∂z ij = k∈I z ik ∂z kj and therefore
Similarly to (43) one calculates
− 34Ŕ 23 z∂z = q (αs,αs) ∂z which in view of (10) implies
The FODC Γ d
To obtain a q-deformed analogue of classical Kähler differentials over C[G/L S ] we consider the sum
Corollary 3.5.
Proof. Recall that a sum of covariant FODC over B is direct if and only if the sum of their quantum tangent spaces is direct in B
• . Now all statements of the corollary follow from Proposition 3.3 and 3.4.
Higher Order Differential Calculus
The aim of this subsection is to determine the dimensions of the homogeneous components of the universal DC Γ is an algebra generated by 
Moreover, we introduce the following notation: for any β ∈ R + S set x β := x i where i ∈ I (1) and wt(f i ) = wt(E β f N ). Consider the totally ordered abelian semigroup 
This filtration will also be denoted by H.
Proposition 3.6. (i) The algebra Γ ∧ ∂,u is generated by the elements z ij , ∂z ij , i, j ∈ I, and relations (30), (38)- (41), and
(iii) In the associated graded algebra
∂,u the following relations hold: and therefore coincides with the ideal generated by
(ii) We first prove that dim Γ 
By the first equation of (59) and (10) the generators
for all i, j ∈ I.
Therefore it suffices to show that the dimension of any weight space of S ∂ does not exceed the dimension of the corresponding weight space of Q.
For any element i,j∈I a ij
where in the last term β i , β j ∈ R + S such that max(ht(β i ), ht(β j )) > ht(β) and the complex numbers a ij depend on β and γ. Then (61) implies that for every
is generated by the elements z ij , ∂z ij , i, j ∈ I, and relations (30), (52)-(55) and
the following relations hold:
Our next aim is to obtain results for Γ (ii) ∂(da) = −d(∂a) for all a ∈ B.
Proof. Uniqueness holds as B and dB generate the algebra Γ ∧ d,u . To prove existence the following auxiliary lemma is needed. Let T Ω,E and T Ω,F denote the intersection of ker ε with the right coideal of U q (g) generated by
T Ω,F , T ∂ , and T ∂ , respectively. Recall the pairings (22) and (24).
Lemma 3.9. The pairings
Proof of Lemma 3.9. To prove (64) recall that by (46) and Proposition 3.3(i)
Moreover, (56) implies ∂z iN ∈ B + Γ d if i ∈ I (1) . Therefore using Corollary 3.5(i) and ∂z iN = dz iN − ∂z iN one obtains
Since (π E t)(z iN ) = 0 for all i ∈ I (1) this implies ∂a, π E t = 0 and hence
Analogously one obtains ∂a, t = ∂a, π E t for all a ∈ B, t ∈ T which yields (64). The remaining formulae follow from (64) and the definition (24) using
We continue with the proof of Proposition 3.8. The first step to prove existence of the map ∂ :
is well defined. Assume that i a i db i = 0. Then i a i ∂b i = 0 and hence
Thus by Corollary 2.10 it suffices to show that
whenever i a i db i = 0 and j s j t j ∈ T . By Lemma 3.9 the left hand side of (70) is equal to
As j π Ω,F s j π F t j , j π Ω,E s j π E t j ∈ T whenever j s j t j ∈ T , the relation i da i ∧ db i = 0 implies (70) and therefore (69) is well defined.
To verify that ∂ is well defined on Γ ∧ d,u it suffices to check that
This follows from
for all a, b ∈ B.
The property ∂dρ = −d∂ρ for all ρ ∈ Γ ∧k d,u is proved by induction over k. Next we show that (∂ • ∂)| B = 0. To this end we calculate the adjoint operators of d and ∂ with respect to the pairing (27). Assume that j s j t j ∈ T , s j ∈ T Ω , t j ∈ T , then
and hence dρ,
for all ρ ∈ Γ 
This leads to
It remains to prove ∂ 2 ρ = 0 for all ρ ∈ Γ ∧k d,u , k ≥ 1, which is obtained by induction over k. Assume ∂ 2 ω = 0 then using ∂d = −d∂ one gets 
is an isomorphism. In particular dim Γ (ii) The algebra Γ 
